The gl N and U q (gl N ) quantum spin chains in the presence of integrable spin impurities are considered. Within the Bethe ansatz formulation, we derive the associated transmission amplitudes, and the corresponding transmission matrices -representations of the underlying quadratic algebra-that physically describe the interaction between the various particle-like excitations displayed by these models and the spin impurity.
Introduction
There is a considerable amount of work devoted to the problem of integrable defects in both quantum [1] - [11] , and classical [12] - [25] theories. Recently, the derivation of transmission amplitudes for the XXX and XXZ spin chains was accomplished via the algebraic Bethe ansatz formulation [26] . This was the first time that a direct computation via the Bethe ansatz equations (BAE) was achieved in the particular framework. In this article, we focus on the gl N and U q (gl N ) quantum spin chains in the presence of a single integrable defect and extract the physical information concerning the related scattering processes, directly from the Bethe ansatz equations.
The algebraic formulation employed here is based on the existence of a defect Lax operator that satisfies the same quadratic quantum algebra as the bulk monodromy matrix. Consider an one dimensional (N + 1)-site theory with a point-like defect on the n th site; the modified monodromy matrix of the theory reads then as
where R corresponds to the "bulk" theory, L corresponds to the defect, and Θ is an arbitrary constant corresponding to the "rapidity" of the defect. The Lax operator satisfies quadratic algebra [27, 28, 29 ] 2) and the R-matrix is a solution of the Yang-Baxter equation (see e.g. [27, 28, 29] and references therein),
3)
The monodromy matrix of the theory T (λ), naturally satisfies (1.2), guaranteeing the integrability of the model. The Hamiltonian of any generic system with a point-like defect has the generic form: 4) where the "dot" denotes the derivative with respect to the spectral parameter, also defině R = P R, P is the permutation operator. Recall that the R matrix reduces to the permutation operator at λ = 0.
It is necessary for our purposes here to introduce some useful notation. We define the "conjugate" R-matrix via the "crossing" property:
−k ek k , U q (gl N ) case (homogenous gradation) (1.6)
where we define the "conjugate" index as: k = N + 1 − k, and (1. 7) and the N ⊗ N matrices e ij with entries:
As a consequence of the Yang-Baxter equation theR-matrix evidently satisfies:
Moreover, we define the "conjugate" L-matrix as:
(1.10) t n denotes transposition over the "quantum" space n, theL-matrix also satisfies the fundamental quadratic algebra (1.2). Note that we introduce the conjugateL matrix in order to suitably formulate the crossing property as will be transparent later in the text. Now that the basic notions have been introduced we are ready to proceed with our main aim, which is the derivation of the transmission matrices via the Bethe ansatz formulation.
2 The gl N quantum spin chain
The isotropic gl N quantum spin chain in the presence of a single point-like defect will be first investigated. We introduce the defect L-matrix associated to a generic representation of gl N , which has the following simple form:
P,P are N × N matrices expressed as:
The gl N elements satisfy the familiar exchange relations
The sl N algebra is generated by the elements J ±(k) , s (k) defined as:
The latter generators satisfy:
A generic finite-irreducible representation of the gl N algebra is associated to N integers
Here we deal with representations that possess highest weight states such that:
The global reference state then is
For a more detailed description see e.g. [30] , and references therein.
Recall also that the R matrix corresponds to the fundamental representation; in this case the associated integers are 1, 0, . . . , 0 . More precisely, the R-matrix can be written in the familiar form [31] 
8)
P is the permutation operator associated to gl N . The spectrum and Bethe ansatz equations for this generic situation have been studied for instance in [30] , and the derived BAE have then the form:
here for simplicity we consider λ
it is clear that:
It is necessary for the purposes of this investigation -and in particular in order to confirm crossing-to derive the BAE starting from the "conjugate" L-matrix on the defect point (2.1), then the BAE are given as
where we define:
Note that we have considered the generic case where
then the corresponding terms e β − k = 1. It will be also an instructive example to consider the special case of the representation characterized by integers α 1 = α 2 = . . . = α l = A > α l+1 = . . . α N = B, also consider -this may be achieved using suitable shifts-A + B = l. Then the BAE equations may be rewritten as 2.14) and the BAE associated to the "conjugate"L-matrix of the special representation on the defect point (2.1), are given as
Having derived the associated BAE we are now in the position to extract the relevant transmission amplitudes, and the corresponding transmission matrices.
The transmission matrix
Recall that in the thermodynamic limit, which is of interest here the solutions of the BAE may be cast as strings with a real and an imaginary part. This is the so called string hypothesis [32, 33] , which states that the Bethe roots may be expressed as
Also, from the asymptotic behavior of the transfer matrix one derives the quantum numbers (see also e.g. [34] ):
The ground state as is well known consists of N −1 "filled Fermi" seas with real solutions, that is 1-string configurations. The corresponding densities may be extracted from the BAE with the standard procedure [32, 33] , after taking the logarithm and the derivative, and considering the thermodynamic limit. Let us first introduce some notation:
see also Appendix A for more details on generic Fourier transforms. The Fourier transforms of the ground state densities are given as:
where in the generic case described by (2.9), (2.12) we define (see also Appendix for generic expressions):r
It is clear that the "plus" corresponds to (2.9) and the "minus" to (2.12). In the special case described by equations (2.14), (2.15) we definê
Note that passing to the thermodynamic limit we have exploited the following basic formula in the presence of m (k) holes in the k th Fermi sea:
The last term corresponds to the case where m (k) holes exist; for the ground state apparently
It is then straightforward to compute via (2.17), (2.20), (2.22) the "shifted" quantum numbers in the special cases described by the density (2.22) (see also [26] for a similar situation when computing the spin S z from the ground state):
Similarly, the quantum numbers associated to the defectL (2.1) are given as
Now consider the state with two holes in the first Fermi sea. The hole in the first sea corresponds to an excitation that carries the fundamental representation of gl N (soliton), note also that the hole in the (N − 1)
th sea corresponds to an excitation that carries the anti-fundamental (conjugate) representation. The two-hole configuration in the first Fermi sea enables the computation of the "soliton-soliton" S-matrix as well as the computation of the associated transmission matrix. From the BAE one derives the corresponding density of the state, which reads as
where we have used (2.23) to pass to the thermodynamic limit. We also derive the Fourier transforms:r We are primarily interested in the densities of the first Fermi sea, which provide the scattering amplitude of the soliton-soliton S-matrix and the associated transmission matrix. Recall also that
with ε (k) and p (k) being the energy and the momentum of the hole excitation in the k th sea, respectively. Recall also that
are integer numbers.
In order to identify the scattering amplitude between two holes as well as the hole-defect transmission amplitude, we compare the expression providing the density of the first Fermi sea (2.26) with the so called quantization condition [32, 35] , with respect to the hole with rapidityλ 1 : e iN p (1) (λ
2 , Θ) − 1 |λ
where S = e iΦ , and p (1) (λ
1 ) is the momentum of the respective hole in the first Fermi sea. Comparison of the quantization condition with the state's density (2.26) would provide the "soliton-soliton" scattering amplitude together with the transmission amplitude, given that the factorization of the scattering is evident (see also [36, 37] ). The study of the onehole state would simply provide the transmission amplitude, which physically describes the interaction between the particle-like excitation and the defect, thus factorization of the type:
, in the case of the two-hole state is manifest. Keeping these considerations in mind, the hole-hole amplitude as well as the transmission amplitude for the model with a single defect can be derived then as
where we have set λ =λ
2 andλ =λ
1 − Θ. Bearing in mind the useful identity 32) we may identify the scattering amplitude using (2.31):
Suitable string configurations may be employed in order to derive other eigenvalues of the S-matrix, but we shall not give the details on this matter here, however the interested reader is referred for instance to [34] . The S-matrix, solution of the Yang-Baxter equation may be cast as
recall P is the permutation operator. Notice that the eigenvalue computed from the hole-hole interaction corresponds to the first entry of the matrix above.
The presence of one hole in the (N − 1) th sea enables the computation of the S-matrix associated to the anti-fundamental representation. We avoid the details of this computation here, but the final expression is of the form (see also [34] )
and the corresponding S-matrix is
S physically describes the interaction between the fundamental (a soliton, hole in the first sea) and the anti-fundamental representation (conjugate, i.e. a hole in the N − 1 sea). It is clear that the the "conjugate" matrixS may be also obtained via the S matrix (2.34) through the crossing propertyS
The transmission amplitude in the special case (2.22) is identified via (2.31) using (2.32), and has the following explicit form:
β l are the shifted quantum numbers corresponding to the defect as derived from the ground state computation. The generic situation can be treated in the same manner, but it is technically more intriguing due to do the various cases arising in the analysis of the Fourier transforms, nevertheless the generalization is quite straightforward (see Appendix for more details on the related Fourier transforms).
Bearing in mind that for purely transmitting defects the following quadratic algebra is satisfied [1] S
where S is given in (2.34), we conclude that the transmission matrix is given as
where
e kl ⊗ P kl , P kl ∈ gl N (2.41) now the representation is characterized by the shifted quantum number {α k } 1 . As in the sl 2 case studied in [26] , the transmission matrix is essentially a "dressed" defect matrix.
It is also useful to derive theT matrix arising from the "crossing property". This may be achieved by the second set of BAE (2.15), and studying the interaction of a hole in the first sea with the defect. The corresponding transmission amplitude arising from the interaction between the fundamental representation, the hole in the first sea, and the defect is given by:
and the "conjugate" transmission matrix is then of the form:
The latter matrix also satisfies the quadratic relation (2.39) and is characterized by the shifted quantum numbers {α
Moreover it is clear that:
as expected from the crossing property. Indeed, the crossing property (1.10) effectively leads to a modification of the quantum numbers α k → N 2 − α N −k+1 . It is evident that the use of both L,L matrices is necessary in order to verify the crossing property for the derived transmission matrices as well as to further confirm the validity of our results.
3 The U q (gl N ) quantum spin chain
The second part of the present investigation refers to the anisotropic U q (gl N ) quantum spin chain in the presence of a single defect. We introduce the R-matrix associated to the algebra [38] R(λ) = as well as the defect L-matrix and its conjugate associated to generic representations of U q (gl N ), which have the following simple forms:
) e kj ⊗ Pjk(3.2) P ij ∈ U q (gl N ). We shall first introduce the U q (sl N ) algebra, let
be the Cartan matrix of the sl N algebra. Also define (q = e iµ ):
The quantum algebra U q (sl N ) has the Chevalley-Serre generators e i , f i , q h i 2 , i ∈ {1, 2, . . . , N } that satisfy the defining relations:
and the q-deformed Serre relations:
Note that q h i = q P ii −P i+1i+1 , where the elements P ii ∈ U q (sl N ). Recall that U q (gl N ) is derived by also considering the elements q P ii , so that q i P ii belongs to the center of the algebra [38] .
Furthermore, there exist the elements P ij ∈ U q (gl N ), = j such that:
As in the isotropic case a generic finite-irreducible representation is associated to N integers α 1 , α 2 , . . . , α N α 1 ≥ α 2 ≥ . . . ≥ α N (see e.g. [39] and references therein). Assume also that we deal with representations that possess highest weight states such that:
The global reference state is
The R-matrix corresponds to the fundamental representation of U q (gl) N , i.e. the integers are 1, 0, . . . , 0 . The spectrum and Bethe ansatz equations for this generic situation has been studied for instance in [39] , and the derived BAE have then the standard form (2.9), (2.12) where we now define:
(3.10)
We shall also need to derive the BAE starting with the "conjugate" L-matrix on the defect point, then the BAE are give as in (2.12). Similarly, the special case where, α 1 = α 2 = . . . = α l = A > α l+1 = . . . = α N = B, with BAE (2.14), (2.15) is also considered. We may now derive the relevant transmission amplitudes, and the corresponding transmission matrices.
The ground state in the repulsive regime of the U q (gl N ) chain as in the isotropic case, consists of N − 1 "filled Fermi" seas with real solutions, that is 1-string configurations [40] . The corresponding density may be extracted from BAE following the standard procedure in the thermodynamic limit. The Fourier transforms of the ground state densities are given as in (2.20), and we also definê
(3.11) 12 0 < n < 2ν, (see also Appendix, and [26] ). Recall that passing to the thermodynamic limit we have exploited the basic formula (2.23).
It is then straightforward to compute for the special case via (2.17), (2.20), (2.22) the "shifted" quantum numbers, starting with the L-matrix (see also [26] ):
is an overall renormalization factor, (see similar discussion in [26] ).
Similarly, the quantum numbers in the case the conjugateL-matrix is considered, and for the special case (2.22) are given by
Now consider the state with two holes in the first Fermi sea. The first hole as already mentioned in the isotropic case corresponds to an excitation that carries the fundamental representation, whereas a hole in the (N − 1) th sea corresponds to an excitation that carries the anti-fundamental (conjugate) representation, as already pointed out earlier in the text. As in the isotropic case the two-hole configuration in the first sea enables the computation of the "soliton-soliton" S-matrix as well as the computation of the associated transmission matrix. From the BAE one derives the corresponding density of the state, given in (2.26), (2.27), (2.21), (2.22) . We are naturally interested in the density of the first Fermi sea. Recall also that (2.28), (2.29) are also valid in this case.
In order to identify the scattering amplitude between two holes as well as the hole-defect transmission amplitude, we compare the expression providing the density of the first Fermi sea (2.26) with the quantization condition (2.30), with respect to the hole with rapidityλ 1 . The factorization of the scattering is evident (see also [37] ) as discussed earlier in the text. The hole-hole amplitude as well as the transmission amplitude for the model with a single defect can be derived then as in (2.31).
Bearing also in mind the useful identity
(3.14)
we may identify:
Γ(−z + N γ + kβ) Γ(−z + 1 + kβ) (3.15) where we define,
Suitable string configurations may be employed in order to derive other eigenvalues of the S matrix, but we shall not give the details on this matter here, the interested reader is referred for instance in [40] . The S-matrix, solution of the Yang-Baxter equation is then expressed as:
Recall that the presence of one hole in the last sea enables the computation of the S-matrix associated to the conjugate representation. The details of this computation are avoided here, but the final expression is of the form (see also [40] )
It is clear that the "conjugate" matrixS may be also obtained via the S matrix (3.17) through the crossing property.
The transmission amplitude is identified via (2.31) using (3.14), we are interested in the special case (2.22) , and has the following explicit form:
β l are the shifted quantum numbers corresponding to the defect as derived from the ground state computation. Bearing in mind that the transmission matrix satisfies the quadratic algebra (2.39), where S is given in (3.17), we conclude that the transmission matrix is given as
now the representation is characterized by the shifted quantum numbersα k ; all P kk are accordingly shifted.
It is also useful to derive theT matrix arising from the "crossing property". This may be achieved by the second set of BAE (2.12) and studying the interaction of a hole in the first sea with the defect. The corresponding transmission amplitude arising from the interaction between the fundamental representation, the hole in the first seas and the defect is given by (in the special case (2.22):
The latter matrix satisfies the quadratic relation (2.39), and has the following explicit form:
) e kj ⊗Pjk (3.23)
Similarly, as in the isotropic case equation (2.45) is valid. Expressions on Fourier transformations that provide the transmission amplitudes associated to the generic situation may be found in the Appendix. With this we conclude our derivation of transmission matrices in the context of gl N and U q (gl N ) quantum spin chains.
Discussion
We have been able to derive the transmission matrices for two classes of integrable spin chains associated to gl N and U q (gl N ) algebras. The formulation was based on the algebraic Bethe ansatz methodology. The findings reported in the present investigation are novel in both cases, although some relevant results are known in the context of affine Toda field theories, however for a different type of defects (see e.g. [16] ).
We have focused here on generalizations of the so called type-II defects, which are essentially associated to generic representations of the gl N and U q (gl N ) algebras. Type-I defects, associated to generalizations of (q) oscillators may be also considered in this framework. Moreover, we have restricted our investigation to representations that possess highest weight states, thus the familiar algebraic Bethe ansatz variation can be implemented. Infinite dimensional representations or representations that lack highest weight states can be also considered using a generalized Bethe ansatz formalism together with suitable local (Darboux) gauge transformations in the spirit described in [41, 42] . These and related issues will be addressed in separate investigations.
A Fourier transforms
We shall consider in this appendix the Fourier transform of the following functions in the rational case:
a(x, y; λ) = i 2π 1) and in the trigonometric case:
a(x, y; λ) = iµ 2π cosh(µ(λ + ix)) sinh(µ(λ + ix)) − cosh(µ(λ + iy)) sinh(µ(λ + iy)) .
We distinguish three cases on the values of x, y, and we end up with the following Fourier transforms in the isotropic case:
a(x, y; ω) = e ωx ω < 0,â(x, y; ω) = e ωy ω > 0, x > 0, y < 0 a(x, y; ω) = e ωy − e ωx ω > 0,â(x, y; ω) = 0 ω < 0, x, y < 0 a(x, y; ω) = e ωx − e ωy ω < 0,â(x, y; ω) = 0 ω > 0, x, y > 0. (A.3)
In the trigonometric case, (we restrict our attention to 0 < |x|, |y| < ν, generalizations can be obtained in a straightforward manner see also [26] ):
a t (x, y; ω) = e It is clear that in the special case x = −y = n 2 the expressions above reduce to the familiar Fourier transforms given in (2.19), (3.11) . Moreover, in the general case we have:
Having at our disposal the Fourier transforms above we obtain explicit expressions for the densities r ±(k) (2.21), and hence the corresponding transmission amplitudes.
